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DESIGN OF RESIST I VELY MISMATCHED 
LINEAR ACTIVE TWO-PORT 
A Thesis Submitted 

VINOD PURUSHOTTAU NMJOSHI 
INDIAN INSTITUTE OF TECMOLOC-Y, KANPUR 
JULY 1 970 

In high x frequency tuned amplifiers, a serious problem 
is that of oscillation while tuning the amplifier. Two methods 
of elimlna.ting these oscillations are I) Unilat errlizat ion and 
ii) Mismatch, In the latter method, the resistive parts of 
source -and load terminations have magnitudes different from 
those needed for conjugate matching. In the design of resis- 
tively mismatched amplifiers, the operating (transducer) 
power gain is maximized for a given value of performance 
factor, n (a stability-based factor) the value of n being 

****** 

chosen so as to ensure absolute stability of the two-port 
While maximizing the operating power gain for a. given n, a 
cubic equation results viz. 

\3 . (\ , cos Q\ a sin 9 _ n 

where 0 = arg (p, 9 p 9 ,), j^ 11 ^ 12 T being the general twO- 

' ^ i p 21 P 22 j 

port matrix. The appropriate root A , of this equation 
must be found before the reactive parts of the source and 
load terminations can be calculated. 

In the present work, simple approximate expressions 
for calculating A 0 and the maximum optimum power gain g fflax n 



xii 


are 

given. 

It 

is 

shown 

and 

that 





for 

n ' 

> 5, 

■ X o 


for 

:n .< 

? o. 

1 A o 


sin 9 
n+cos i 

j 1-nr 


wit Tain 5% 


within 3% 


For 0.1 < n < an iteration method is shown to yield the 
value of \ within 1.5% in4 computation. The maximum o^^cat- 
ing power gain is shown to be 


. c , n /n+cos 9"\ f p 2l { L J n i \ 

or n 5 S max n - n 2%' (n-cos 9 ) jp.^ ji n ' J 


n2 


for n « 1.3 TT « max „ ^ f? 


within 0.15%(” 0.01 dB) 
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4 i 


P 12 j 

within 3% (~ 0. 13 dB) 

where n = J1 (1 + 6) = { ) (1 +6) 

Bor n < 5 but > 1.3 "[”] the value of a 0 must be directly 
substituted to give 

j 
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n 


= max n 


n 


(1-Ag) - cos 9%+ %nA 0 -sin ej 
2 


) l n 

1- V 


P 21 j L J u l 


! p i2 : 


IX 


within 3%(“0.13dB) 



CHAPTER 1 

IMR 0nJC!ri02T 


1 . 1 Loop Gain : 


A serious problem in RP and IP amplifiers is that, when 
one varies the source and load reactances in the process of ' 
tuning, the amplifier invariably oscillates. This is due to 
the internal feedback in the device (tube or transistor) . 
Sufficient energy is fed back at the input terminal to cause 
oscillations. Peedback also makes the input immittance a. fun- 
ction of the load immittance and the output immittance a func- 
tion of the source immittance. This makes the alignment of 
multistage IP amplifier difficult. The internal feedback of 
the device may be visualized by a black box approach. 


Consider an amplifier, utilizing a. device (transistor) 
in y-environment ,that is, with shunt source and load terminaii 
tions. This is represented by Pig. 1.1. Then the amplifier, 
henceforth referred to as a two-port network, may be repre- 
sented by its y-equivalent circuit of Pig. 1.2. Then 


But 


i i = y-n n + ^12 
h = ^21 T 1 + ^22 v 2 


0 . 1 ) 


i.o 


+ h 


and 


-yi v 2 


# « « 


(1.2) 
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Therefore, Eqns. (1.1) become 


y§i 

Jo 


= y 1 v 1 + y 


12 v 2 


... . (1.5) 


V 1 “ V 2 


wh e re 

y 1 = y 11 + y S 331(1 y 2 = y 22 + y L •** ^ 1 * 4 - ) 

Equations (1.3) may be represented by a block diagram 
as in Eig.. 1.3. This block diagram shows y^ 2 as a feedback 
term, and the loop gain is given by 

y 1 2 y 2l 


Si 


y 1 y 2 


.. (1.5) 


A two-port network in h-environment , that is, with a 
series source termination and a shunt load termination as 
shown in Fig. 1.4, is easier to analyse with the two-port 
represented by its h-equi valent circuit as in Fig. 1.5. Then 


( 1 . 6 ) 


Using 


gives 


V 1 = 

h n 

4 i + 

h 12 Y 2 

1 2 

h 21 

4 i + 

h 22 t 2 

1 + V 1 

and 

i 2 ’ 

= - h L 

V S = 

h 1 

h + 

h 12 v 2 

h 21 , 
h 2 X 1 

rr 

V 2 ' 



(1.7) 


( 1 . 8 ) 
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where 

h 1 = + h g and h 2 = h 22 + ... (1.9) 

Eqns. (l.8) may he represented hy the block diagram 
in Pig. 1.6, showing that the loop gain is 


h 12 h 21 
h 1 h 2 


... (Mo) 


Prom Eqns. (1.5) and (1 1 10) , ■ it • is seen that the loop 
gain may, in general, - be represented:: biy. 


«1 = 


*12 £2 1 
PlP 2 


... ( 1 . 11 ) 


where 


P 11 P 1 2 


21 *22 


.represents the h-, y-, z-, or the g-matrix 


of the two-port, and, 


P 1 = P 11 + P S 311(1 p 2 = p 22 + Pi *** (M2) 

Pg, p^ are the source and load immittances respectively 
(admittance or impedance depending upon the matrix). The 
loop gain g^, is generally complex. 

1.2 Stability Techniques : 


The internal feedback in the device may be degenerative 
or regenerative depending upon the loop gain g-^. As the matrix 
parameters p^ , p^ 2 etc. are functions of frequency, the loop 
gain depends upon the frequency and the source and load immit- 
tances. If the loop gain is real, i.e. 
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S 1 = K '/o ... (1.13) 

the amplifier becomes unstable and starts oscillating, pro- 
vided K > 1. The remedy lies in reducing the magnitude of K, 
so that, when real, the magnitude of loop gain is below unity. 

In general, there are two methods of reducing the loop 
gain. In one method, known as unilateralization, the value of 
the total reverse parameter p^ is made zero. In the second 
method known as mismatch, the values of and f ^ are increased. 
In the former method, an external feedback network, usually 
containing both reactance and resistance elements and a trans- 
former, is used. This feedback network is so chosen that the 
composite network is ’unilateral' i.e. its reverse parameter 
is zero. Thus any signal at the output port does not affect 

A 

the input port. There are four possible ways of arranging 
the feedback network, as shown in Tigs. 1.7. After unilaterali- 
zation, the composite network is conjugate matched at both ports 
to give maximum available power gain. The design for optimum 
gain involves double maximization - the composite network is 
conjugate matched for maximum rower gain, while at the same' 
time the feedback network is optimized to attain the largest 
possible value of the maximum available power gain. 

The second method viz. mismatch, may be explained as 
follows. Tor a stable amplifier, maximum power gain is attained 
when it is conjugate matched, (See Tig. 1.8), that is, 






















10 



and 




in 


' L * out 

= -^ut 


( 1 - 14 ) 


For an unstable amplifier on the other hand, the maxi- 
mum power gain is not a finite quantity. The amplifier may 
then be designed for a maximum operating power gain, with a 
given degree of stability. The maximum operating power gain 

p o 

S i T. 

is achieved with the ratios -s- — and different from 

’in f out 

unity (unlike Bqns. 1 . 14-)- Hence the name resistive mismatch 
or simply mismatch. 


1 . 3 Unilate ralization vs. Mismatching : 

Unilateralization has three serious disadvantages. 
First, for this method to be useful, the unilateralization 
network must verv nearly eliminate the internal feedback. 

The internal feedback, even for a given type of transistor, 
varies from transistor to transistor, due to the spread in 
transistor parameters. Hence the external feedback network 
must be tailored for each transistor individually. Second, 
unilateralization circuits often employ a transformer for 
phase inversion. These transformers limit the unilateralized 
bandwidth. Even if the transformer is avoided it does not 
lead to an improvement in the bandwidth, for, the finite 
passive network can only roughly unilateralize the transistor 
over a wide band. For this reason, unilateralization tech» 
niques are -usually limited to narrow-band, high gain appli- 
cations. A third disadvantage is that, stability of the 
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amplifier is not guaranteed. If the transistor parameters vary, 
due to aging say, the external feedback may no longer cancel the 
internal feedback and in some situations may actually aid it, . 
resulting in oscillations. 

The mismatching design technique, on the other hand, has 
three important advantages. First, stability may be assured for 
all trahsistors of a particular type. Second, the input impedance 
can be made essentially independent of the load impedance, per- 
mitting practical multistage amplifier alignment. Third, the 
design technique is particularly useful in broad band techniques. 



CHAPTER 2 


STAB ILITY CONCEPTS 


2 • 1 Stability in Natural Modes: 

2.1.1 One— port Network: 

Consider a linear one-port network in open and short-cir- 
cuit modes as shown in Pigs. 2.1. The network is said to be 
stable if the voltage v(t) and the current i(t) tend to zero 
for large time. The network is unstable if either or both the 
variables tend to infinity or become sinusoidal at large time. 
Suppose the voltage or current fail to t end to zero, when an 




Pig. 2.1 


external source is connected to the one— port network. In such 
a case, the network cannot be considered unstable, as the voltage 
or current is controllable. Thus instability refers to uncon- 
trolled variation (sinusoidal or tending to infinity) of the 
variable at large time. 
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The instability of the one-port is directly related to 
the poles and zeros of its impedance Z(s). It can be shown 2 
that for stability of a one-port, the poles and zeros of Z(s) 

(or Y(s)) must lie entirely in the left hand complex plane (LHP). 

2.1.2 Two-port Network: 

Just as a one-port has two natural modes of operation, a 
3-terminal (two-port) network has 5 natural modes 2 of operation 
as shown in Pig. 2,2. The network is stable when v(t) and i(t) 
in Pigs. 2.2(a) to 2.2(c), any two of the voltages in Pig. 2.2(d) 
and any two of the currents in Pig. 2.2(e) tend to zero for large 
time. The two-port is unstable if any of the variables in any 
of the 5 modes becomes sinusoidal or tends to infinity at large 




Pig. 2.2 


time. Once again, the stability is directly related to the two- 
port parameters. It can be shown^that, for stability, the poles 
and zeros of p^ 1 and p 22 and the poles of p 12 and must lie 
entirely in LHP. Here *p- ' represents h-, y-, z-, or g-matrix 
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parameters in each of the 3 possible configurations of the 
3 -terminal network. 

2 . 2 Potential Instability and Absolute Stability : 

2.2.1 One-port Network: 

Consider a passive termination of impedance Z^(s) connected 
to a one-port network as shown in Pig. 2.4. As mentioned in Sec- 
tion 2.1.1, the stability of one-port implies stability in both 
SC and OC modes, which correspond to the' two extreme cases, 

Zm( s) = 0 and Zrp(s) = co . What about the values of Z T (s) in 



between these two limits? The question is whether i(t) and v(t) 
tend to zero for large time, that is, whether the one-port is 
stable for an arbitrary value of Z T (s). If the network is 
indeed stable for all passive Z T (s), it is said to be absolutely 
stable. If a passive termination exists for which the network 
becomes unstable, the one-port is said to be potentially unstable, 
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meaning that it is stable in the two extreme cases of Z^(s) = 0 
and Zrp(s) = °°, "but unstable for some intermediate value ( or 
values) of Z^(s). 

2 

It can be shown that a passive one-port network is 
always absolutely stable and an active one— port network is 
always unstable or potentially unstable. Thus, if a one-port 
network is to be potentially unstable, it must be an active 
network and hence must violate at least one of two conditions 2 
for passivity viz, , 


a) 

b) 


The poles and zeros of p(s) must lie in 1HP 


Re 




> 0 for all 00^,0 


( 2 . 1 ) 


where, p(s) = Z(s) or Y(s), the impedance or admittance of 
the one-port respectively. 


2.2.2 Two-port Network: 


As mentioned in the preceding section, stability of a 
two-port implies stability in all the 5-natural modes (Figs. 

2. 2) m Now consider a stable two-port with impedances Z„(s) and 
connected at the input and output ports as shown in Fig. 
2. 4. The figure shows a particular configuration with terminal 3 
as the common terminal between the two ports. HThen Zg(s) and 
take the values 0 and 03 , the two-port finds itself in 4 of the 
natural modes (Figs. 2.2). Since the two-port is stable, it means 
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"that it is stable in all these 4 modes or the 4 extreme combi- 
nations of Zg(s) and Z-^Cs). If, in addition, the two-port is 
stable for all intermediate values of Z g (s) and Z^s), it is 
said to be absolutely stable. The two-port is said to be 



Fig. 2.4 


potentially unstable if it is unstable for any intermediate 
combination of Z g (s) and Z^(s). Absolute stability is defined 
for a given configuration of the 3-terminal network. There 
are 3 possible configurations with a different common terminal 
in each and a two-port may be absolutely stable in one confi- 
guration, while potentially unstable in another. The conditions 
for absolute stability in terms of two-port matrix parameters 
are derived below. 


let a two-port be characterized by a generalized para- 


meter matrix fp^ p^ 


P 21 P 2 2l 


which represents h-, y_, z~, or g-ma±rix. 
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let an immittance be connected at the output port. Here p^ 
represents an impedance or admittance depending upon the matrix 


chosen, as shown in Table 2.1, The resulting one-port network 
of Pig. 2.5( a ) is tested for passivity Using conditions (2.1). 
This is repeated for the one-port network of Pig. 2.5(h). The 
two-port is stable, if both the one-ports as shown in Pigs. 2.5 


are passive i.e. if P^ n (s) snd P ou ^( s ) satisfy conditions (2.1) 
Now, it can be shown c that, condition (2.1)a is satisfied if 


the two-port is stable to start with i.e. stable in all the 5 


natural modes. Since only a stable two-port is being considered, 
condition (2.1)b alone need he investigated. Then 


r- f P 1? (j<4 ? 91 (3<*>) 

Re H Pin (3 W >3 - ^ 

f p 1? (d<4 p ?1 (d^4 

md 86 Cp 0Ut (3“)D = f out * Re 522(3“) - p^rjsFipjrjtsr > 


for all U) > 0 ... (2.2) 

must be satisfied for all p^(;jOO) and Pg(jCU) respectively. Here 

p. (or p , ) is an impedance or admittance depending upon the 
in oux 

matrix as shown in Table 2.1. Two special cases are those of 
Pg(jCo) = 00 and p^Oto) = Each case corresponds to a short- 
circuit or an open-circuit depending upon the matrix used. Then 
conditions (2.2) give, 



Matrix 

' j 

z 

y 

h 

P 11« P S ^ p in 

Imp. 

Adm. 

Imp . 

P22> p l aIllJ ?bUt 

Imp. 

i 

Adm. 

Ado. 
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^ or P 11 (d^) > 


and 


Re C p 22 (ooj)"] or p 22 (;juj) > o 

? 1 3 Condi tions for Absolu te Stabili t y: S t ern' P roof: 
; From Bqn. (2.2), 


for all o . .(2.3) 


^in ” Re 


= Re 


P 


P 12 P 21 


11 P 22 + P 1 


(2.4) 


11 + 3 


M + jN 

' (f 22 + f £ rf 3^2~ rH P 


..(2.3) 


where 


P 12 P 21 = M + JN = 1/9 


p n _ + 3 1 1 ; p 22 = f 22 + i <n 

and Pi = h * 3°i 

Therefore , 

M (f 22 4-f L ) +H(^ 2 , + " l )-' 

(P 22 + f i.) 2+ (^o+ ^3 2 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


^in ^11 


(2.9) 


22 


(p 22 + p L ) 2 ♦ r 22 +q > 2 - -i (p 22+ f L ) 


IT 

v ' v 22^ ^ Ir 


( C 00+ ^T.) 


1 

Pll 


(P 22 + Pi> 2 + 


( 2 . 10 ) 


Nr 

Dr 


( 2 . 11 ) 


t ive 


Only the sign of P in is of interest, and as Dr is posi- 
C P'i i' ^ 0 , from Bqn. 2 2) only the sign of Nr need he 


considered. 
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Nr = (P 22 +f L ) 2 + (^ 22 +^ L ) 2 - ^ 


( ' ? 22 +? l ■) ~ f u ^ <r 22 + ®L' 


( 2 - 12 ) 


There fore , 


Nr + 


4 f 2 

4 f n 


7 vT. + If 


V22 2 fl1 ) 


+ + /c 


22 2 ?^ 


(2.13) 

after making use of Eqn. (2.6). Equation (2.13) represents a 
family of concentric circles, with Nr as the parameter, with a 
common centre - p 22 ) , (^- - j in the (f^^) 

plane as shown in Pig. 2.6(a). The radius varies from 0 to 

t 2 

as Nr increases from - - — =*- to The critical circle i.e., 



Nr>0 n x 


Nr > 0 



Pig . 2.6 


the circle for Nr = 0 is marked in the figure. All the inner 
circles correspond to Nr < 0 and the outer circles to Nr > 0. 
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t0 remal11 Positive for any passive termination 
' L + j l wilicI] can be represented by a point (f <r ) 
in the right half plane (f L C annot be negative) then, eve^ 
point in the right half plane including the o- _ ^ mUBt „ e 

He outside the critical circle. In other words, the critical 
circle must be entirely in the left half plane. Iherefore, 


(x co-ordinate of the centre) > radius of critical circle 


or 

p 22 

M 

v L 

2 H1 

... (2.14) 

or 

2 Pl1 

P 22 > 

L *f M 

... (2.15) 


for all U)> y o 


Rewriting the conditions for absolute stability from 
Eqns. (2.3) and (2.15), 


*11 > °» ^22 > 0 | ... ( 2 . 16 ) 

' 2 *11 ^22 > L + M i ... ( 2 . 17 ) 

for all (a% o 

These are usually referred to as Llewellyn's 4 stability 
criteria for two-port network. If resistive terminations P g 
and P L are added and are considered part of a modified net- 
work^ condition (2.17) becomes, 


2P,P 2 

> L + 

M 

• * * 

(2.18) 



for all uj o 


p = 

1 

f n + 

f s 

(2.19) 

P 2 - 

P 2 2 + 

L, 

(2.20) 


where 
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The addition of fg and is shown in Pig. 2.7 for 
the case in which Pg is a resistance and p^ a conductance 
(h-matrix). 




P 12 

P 2 


Pig. 2.7 


If one starts with Eqn. (2. 2) b instead of Eqn. (2.2)a, 
the ■ same result viz. , condition (2.15) is obtained. 

2 . 4 Various Stability Fact ors : 

The absolute stability criteria of Eqns. (2.15) and (2,18) 
are rewritten below for convenience: 


2P 11 ^ 22 > L + M *« (2.21) 

2 ^ p 2 > 1 + M ... (2.22) 

5 

Stem defined in 1957, a stability factor k as 

H £_2 

l:+'¥ 


k = 


(2.25) 
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Thus k > 1 for absolute stability. This is a stability 
factor of the modified network shown in fig. 2.7. An inherent 
stability factor k^ is defined by 


k _ _ 2 ^11 ^ 22 
1 1 + M 

Since ^ and ^ ^"^22 ’ ^^ ere f°^ e s 


(2.24) 


k >y k i ... (2.25) 

Thus a two-port network which is potentially unstable 
(k ± ^ 1) may be modified suitably so that the modified network 

is absolutely stable (k > 1). The magnitude of the stability 

factor k (or k^) depends upon the matrix used* and may be denoted 
by kp where p = h, y, z or g. The magnitudes k p are all > 1 
or all = 1 or all < 1 in the regions of absolute stability, 
marginal stability and potential instability respectively. Except 
in the case of marginal stability the values of k p are different, 
for a given matrix the value of k is, in general, different for 
the 3 different configurations. The stability factor k may be 
< 1 in one configuration and > 1 in another, which means that 

the two-port is potentially unstable in the former configuration 
and absolutely stable in the latter. But in a given configura- 
tion, k (or k^) is independent of as to which port is chosen as 
input port. 

Venkateswaran 1 and Boothroyd define the performance fac- 
tor n, and the inherent performance factor n^ by 



n 



and n i 


P P 
>11 r 22 

I 


24 


... (2.26) 


Prom Eqns. (2.23) and (2.24) the following relations are 
obtained; 


and 


n 


Ml 

L 


= !l 1 ^22 

n i 1 


where 




k 


h + M 
2L 


L_ + M 
21” 


1 +' M 
' 217 ' ‘ 


k TT 
k i TT 

1 + cog 0 

" 2 


(2.27) 
(2. 28) 
(2.29) 


using Eqn. (2.6) 


Thus n^ > ~[~J for absolute stability of a two-port net- 
work or n > TT for absolute stability of a modified network. 
The performance factor n was proposed because the maximum one- 
rating power gain of a two-port network with k "JT » 1, which 
implies high stability, can be simply expressed in terms of n, 


Another pair of factors called invariant factor and 
inherent invariant factor are defined as follows? 

2 P 1 f 2 - M 


n = 


Ti 


2 Pi i P 22 - M 


( 2 . 30 ) 

( 2 . 31 ) 


Unlike k and n, the invariant factor ^ is independent 


of the matrix used. 
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lity factor S by 


V enkat e swaran. ■ 


defines an invariant stabi- 



(2.32) 


Similarly, the inherent invariant stability factor is 
defined by 

S i = 1 + 1 ... (2.33) 


For absolute stability of the original and modified net- 
work respectively ? 

> 1 ... (2.34) 

and S > 1 ... (2.35) 

When the two-port network is potentially unstable, corres- 
ponding to Fjj_ < 1, becomes complex. The stability factor 

was proposed because it is simoly related to the MAG- (maximum, 
available power gain) of an absolutely stable two-port network. 

As (or S) is a function of (or S') ) alone it too is inde- 
pendent of the matrix used. 

Venkate swaran^ proposed in 1968 an invariant alignability 
factor 6 which is defined as 


6 



n - 1 

2 


( 2 . 36 ) 


n 


TT 


• • * 


(2.37) 
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For absolute stability, n > fj or 6 >0. This stability 
based factor was proposed from the consideration of sensitivity 
of total port immittance (p^ + p in or p^ + P ou ^) at one port 
to a small change in termination (p^ or Pg) at the other port. 

Callendar^ proposed in 1968 two more stability factors. 

But they have been shown to be simply related to Yenkateswaran 
and Boothroyd’s performance factor n proposed in I960. 

The inequalities to be satisfied by the various stability 
based factors for the absolute stability of a two-port are 

k i > 1; n i > fl; r] ± >1; s i > 1; 6 i > 0 ...(2.38) 

2.5 Interrelations Between the Stability Factors : 

The various factors k, n, , S and 5 are all stability 

based factors and can be expressed in terms of one another. 

8 

The relations between these factors is given in a paper . Simi- 
lar relationships exist between the various inherent factors k i? 
n., n-j S- and 5-. The relationships between the performance 

i. fix X 

factor n and the other factors are also shown graphically in 
Figs. (2,8). In each figpre a plane is defined by n and 9 
axes and k, r) etc. are varied as parameters. The shaded por- 
tion in each graph corresponds to n < Tl and hence represents a 
potentially unstable region. 
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2 • 6 -ISte^al Jj^op^Gain and Stability Factors : 

It has been shown by Venkateswaran 7 that the factors k, 
n and S are simply related to the internal loop gain g]L 0 f 
Eqn. (1.11). Before proceeding ' with these factors however, 
it will be revealing to see how the loop gain g^ varies with 
S ^""ik w ^il e Pg and P ^ are held constant. 

Sl = hLhl = ?12 p 2j _ _ _ 1 Ze 

Pi P 2 T^+D^fg+D^T ^ P 2 Ti+Jx^n'+fy- 


where \ 


1 


5. 

e-, 


ZlL !li 

Ps + 


Pll ’ 


X, 


a !2 = 

Pp 


+ ^22 


Pt, + f 


22 


J 


(2.40) 


*1 and X 2 vap y f rom- “to + » as <r~ s and^ var y from _ 
to + ~ The variation of g;L with and X g is plotted in 
Fig. 2.9. Here, X 2 is set equal to WX^ so that 


„ _ _ L Z§ 

Sl B 2 lT?33i^ 


(2.41) 


Bach curve in Fig. 2.9 is traced out when • X, varies from 
- to + °°, W being used as a parameter. The family of curves 
results when W varies from - 1 to + 1 . Actually, W should vary 
from - ~ to + oo to take into account all possible combinations 
of X 1 and X 2 . But as g-^ is reciprocal with respect to 
and \ 2 5 the same curve results for W and Tllu s, a further 

variation of W from- « to - 1 and + i to + « will yield exactly 
the same curves. 
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The interrelations between k s n, S and the internal loop 
gain may be understood with the help of Pig. 2.9. first, 
if the. internal loon gain is constrained to be real by suitable 
choice of 3~ s and ^ and then maximized 7 with respect to the 
two variables, its value g-^ max is given by 


~'lr max 


L_+ M 

2 ? 1?2 


... ( 2 . 42 ) 


Prom Pig. 2,9 it is seen that OA^ , 0A 2 , 0A^ etc. 


are the 


values of g 1? when constrained to be real. The maximum of these 


0A , occurs for W = 1 i.e. A, 
1 1 


A Thus, 


0A-] = — (2.43) 

Por stability, k > 1 and hence A^ must lie within, the unit circle, 
If the magnitude of the internal loop gain is maximized 

7 

with respect to <rj , a~ 2 , it is. given by 

^l^mair ~ n •** (2.44) 


Here, - o according to Eqn. (2.41), Prom Pig. 2.9 

it is seen that OB is the maximum magnitude of ,g 1 and occurs for 


^ ' o, A2 -WA.,- 0. Therefore, 


OB = 


(2.45) 


It will be seen from the figure that, if e = 0, the points 
Aj a nd B coincide, giving k = n, which is also evident from 
Eqns. (2.27) and (2.29). 
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If an absolutely stable two-port (ir > or S. > 1) 

is conjugate matched at both the ports the magnitude of the inter- 
nal loop gain is given by 7 



1 

Hi + Vnp’ _ ^ 


( 2 . 46 ) 


The loop gain g lc for conjugate matched condition is com- 
plex m general and may be represented by a point C on the curve 
W 1 or \ - X 2 in Pig. 2 . 9 , since conjugate matching 
glVSs = V X± has bee n shown 7 that g ±c ± s rea l only 

for 0-0. In such a case, the points A.,, B and.C will coincide 
giving n = k = s ± . 


/ 



CHAPTER 3 


COMPUTATION OP A 


— 0 


5* 1 of Op_ e ra ^ ifljp P owe r Gain : 


If a two-port is absolutely stable, then conjugate 

* 1 i 1 ^ -)f 

matching ’ (i.e. p g = p in ; p L = P out ) gives a maximum possible 

power gain M.A.G. , which is given byl 


(power gain) mgx = (operating power gain) 

= (available power gain) 


max 


max 


l.A.G. = 


P 21 

1 

_ ; p 2i 

P 12 

1 1 

Hi + Vnf - i 

| P 12 


... (3.1) 


where is the inherent invariant factor of Bqn. (2.31). The 
terminations for conjugate matching are given by 1 


P , = P- 


s 


m 


or 

in 


2 p 2: 


uT- 


N 


“ 'll + ^ 


22 


P = P 

L *out 


1 = " °"out 


Pl1 


fi 


... (3.2) 


°22 + 


N 


... (3.3) 

If the two-port is potentially unstable i.e. ^ < 1 or 
»i <TTeto., conjugate matching is not possible as seen from 
Eqns. (3.2). Hence a maximum power gain or a maximum available 
power gain does not exist i.e., it is not finite. A finite ope- 
rating power gain, however, exists provided, the terminations are 

so constrained that, the loop gain g-, = P 1 £ ., P2 1 ? when real 

P 1 p 2 
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and maximized is < 1. This implies that the stability factor 
2P 1 P 2 Pi P 2 -r-, 

^ ]j+m ^ ^ or n - ^ > 71 etc. 


£ > T1 etc. 


The operating power gain may be maximized for a given 
value of Venkateswaran and Boothroyd's performance factor n. The 
operating power gain of a two port is given by 


4 |Po, | 2 ? 


S '1 


p l’°2 ~ p 12^21* |(r 1 +3' J 1 U^ 2 + 

4 1 P21 1 2 P 5 Pl 

P, P 2 (1+D A 2 ) “ + 3N) 


4 t P 21 \ Ps 

I ( P 1 +3 ^^(fg+D cr 2 )-(M+3N) | 2 

... (3.4) 


where 


= 5 _ 

Pi Pi + Ps 


: X _ Tl - <T 22 +G l 

’ A 2 - p 2 - P 22 +P L 


.. (3.5) 


.. (3.6) 


P, P 


S 1 1 


' g (1 

+ 3 

Ap(l 

+ j A 2 )-(cos e + j 

P 21 

1 1 ( 

0 p 

• 

(using Eqn. 2.6) 

p 12 : 

1 1 

S Pi 



(3.8) 


n(l + D A-jH 1 + D A 2 ) - (cos 6 + j sin e) 


7.9) 


The gain g^ may be treated as a function of Pg t , 

and A g rather than of Pg, P^, ^ and The gain is to 

be maximized with respect to these 4 variables, but subject to 
overall stability of the two-port i»e, , 
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(P n + M (p 22 + Pi> fi f 2 


= n 


(3.10) 


where, n is chosen to he > 7] and n ± . The inherent performance 
factor n. is given hy 


^11 ^22 _ 


(3.11) 


The denominator Dr may now be minimized. Since it is 
reciprocal with respect to A^ and A^, the minimum will occur 
when A-] = \ 2 = A . Therefore, 


. . o 2 

| n (l + D A ) - cos 9 - j sin 0 | 

2 2 
§0 - A 2 ) - cos 0j + jJhiA ~ sin ©1 


(3,12) 


(3.13) 


Minimizing Dr gives, 


Dr . 
mm 


— _ 2 2 

jn(l - Aq) - cos 9 j + | r 2n A q - sin ©1 (3.14) 

*— — i L _] 


where, A 0 is "tho appropriate real root of the equation 


A 3 - "bA - a = 0 


(3.15) 


whe re 


= - (1 + 
_ sin 6 


cos 0> 


(3.16) 


The cubic equation may have only one real root, the 
other being, complex conjugate. In such a case, the single 
real root is substituted for A 0 in E l n - (3.14). If the cubic 
equation has 3 real roots, then as shown in Section 4.2, one of 
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"the roots will be positive and the other two negative or one 

will be negative and the other two positive. Then as shown in 

Section 4.2 and Appendix A, the single positive root or the single 

negative root is chosen respectively and substituted for A in 

o 

Eqn. (3.14). 


The numerator Nr may be maximized with respect to 
as follows, 

L ( f 2 ~ P 22^ 


Nr 


P2i 

Pi 2 


= 4 


= 4 


= 4 


P 


21 


12 

5 21 


Pi 2 

Pi 2 


fl ?2 


n ( 1 


n 


i £n\ L hi N 
*1/ V " P 2 y 

hi + lit tn \ 

Pi ' P 2 fl f 2 


V 


1 


22 , K i 
?9 n 


dNr 


: ~ = 0 gives, 


1 


^ii 

fi 


^ii 

Tw~Ts 


(from Eqns.3.10 and 3.11) 


n i 


n 


l 


?Z2 


(using Eqns. 3.10 and 3.11) 


Therefore , 


Nr, 


max 


P 21 


“12 


n ( 1 


■*r 


nT\ 2 

IT 


f s and 

(3.17) 

(3.18) 

(3.19) 

( 3 . 20 ) 


( 3 . 21 ) 

( 3 . 22 ) 


(3.23) 
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The maximum operating power gain may now be writtei/ as, 


Nr 


g. 


max 


max n 


Dr 


mm 

P 


= 4 


21 


P 


12 


n 


1 -• 



? — r~ 

(1-Aq) - cos 0j + 2n A Q 


= 4 P 


p 


21 


Pl 2 


n 


sin el | 
(3*24) 

(3.25) 


where 


n 


F = 


r 


(1 - Arf - cos 9 


j _ n ' ■ ''0 


— 

3 


2n A, 


sin 9 


o'] 


(3.26) 


To design an amplifier for a given stability, a suitable 
value (>"]"”]) °D 4D e performance factor n is Chosen. From the 
value of 9 (Eqn. 2.6) and the value of n, the value of the opti- 
mum root ’A is calculated. Once >. is known, the real parts 
Po, P T of the terminations and the maximum operating power gain 


’max n 


are calculated from Eqns. (3.21 ), (3.22), (3.25) and (3.26), 


To calculate the imaginary parts <T~g, of the terminations, 
Eqns. (3.6) are rewritten for the optimised situation. 


A. 


V = A 


Si + <r_ s 


cr + co- 
22 1 


T. 


22 


+ 


Pi 


(3.27) 


If the values of A Q and F as functions of n and 9 are given in 
the form of graphs theycan be read directly. The next section 
deals with the computer solution of A Q and F vs. 9. 
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Fig. 3.1 

In the flow chart above, only the values of 0 between 
0° and 180° are considered. For values of 0 lying between -0° 
and -180°, the root is given by 


Ao (-6) 


- A 0 (e) 


( 3 . 28 ) 
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from an inspection of the cubic equation (3.15). A program was 
written according to the flow chart, in Fortran IV and. run on 
IBM 7044. The results showed that the cubic equation (3.15) 
had a single positive real root. The other two roots were 
either both negative or complex conjugate. In the former case 
(of 3 real roots) the only positive root gave the highest v^lue 

for F and hence was the optimum root ,\ 0 » From these results, 

12 

plots of X 0 vs. 9 were made * as shown in Fig. 3.2. In 
Fig. 3.3, F is plotted as a function of 9 for various values of 

n. 

12 

In Fig. 3.2 the curves for n > 10 suggest the appro- 
ximation 

A 0 - for n ^ 10 ...(3.29) 

12 

A better approximation which is good enough right down to 
n = 5 is 

~ rf^db for ' n > 5 •••0.3°) 

This is also seen from Fqn. (3.15) which is repeated below 

- bA - a = 0 ...(3.15) 

whe re 

cos 9 A _ „ sin 9 

___ j , a - — 

If a = 0 the three roots are tfb, ~fb and 0. If a is not zero 
but a small quantity i.e. if a « 1 as happens when n » 1 then 
the roots are +fb, -lfk and £ where £« 1 . The value of £ can 




00 ° 120 ° 140 ° 

0 FOR VARIOUS VALU 



FOR 


VALUES OF n 
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be found from 

( X - YTTj( x+ TO(X- 6) - ^ _ tiA- a 
- VFx TFx e * a 


e 





sin 9 
n + cos 

s in 8 
n" 


for large n 


... (3.31) 


...(3.32) 


,..(3.33) 


.Another approximation can easily be made for small n. 
For n > 0.1, A Q varies between 3 and 3.09 -a variation of 
3^ only. For lower values of n, the percentage variation is 
even less. Therefore, the approximation"^ 


A, 


/ 1=2 

1 n 


...(3.34) 


is the value 


may be made for n < 0. 1 and 0 < 0 < - + i 

! n 

of the root A 0 at 6 = 9 m in = co s -1 (2n-l) and at 0 = 180° as 
seen from the, cubic equation (3.15), 

3.3 Variation of with k. . S and 6 as Parameters ? 

The cubic equation which results when the operating 
gain is maximized for a given k is^ 


A 3 + 


1 + 


2 cos 6 
k( 1+cos 9) 


\ 2 sin 0 

~ kTt+coa~eT 


= 0 


...(3.35) 


Similarly, the following equations result when f| , S or 6 is 
used as the measure of stability. 


A 3 + 


1 + 


n 


2 cos 9 
+ cos 9 


A - 


2 sin 9 
f) + cos 9 


= 0 


•••(3.36) 
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and 


A 3 + 


X 


1 + 


1 + 


4 S cos 9 


4 T1 S+ (S-1) 


X 


4 S s in 6 

4 T1 s + (s-i) : 


cos 0 


6 + n 


\ 

A 



0 


= 0 

...(3.37) 

...(3.38) 


A similar program is used to compute A Q with k, pj , S 
or 8 as parameter. One change in the program is that 0 is 
always varied from 0° to 180°, unlike the program for n, where 
variation of' 0 depends upon the value of n. Pigs. 3.4 to 3.7 
show the plots of A 0 vs. 6. 

The curves for high values of Fj , S or 5 like those of 
n appear to he sinusoidal and the following approximations can 
he made. 


Ao = 


*0* 


A - 

x 0 


a 

b 


a 

TT 


a 

b 


2 sin 8 
+ 3 cos 0 

4. S sin 9 __ 

471 s+(s-1) 2 + 4S cos e 

sin 0 


6 + 71 + cos 0 


...(3.39) 
■ . . (3. 4 0 ) 

...(5.41) 


ho simple approximation for high values of k is possi- 
ble. Approximations for low values of k, F] , S or 6 are not 
evident from the figures, though they can be found analyti- 
cally (Appendix M) as 





tm (t) 
w 


...(3.42) 


VTs 

^o 


Vf\ + cos 0 


(3.43) 
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FIG. 3.7 VARIATION OF A 0 WITH © FOR VARIOUS VALUES OF S 
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2 V S sin (■ 


■/7fl s + (s-iy 


... (3. 44) 


...(3.45) 


wn 


For k = 1 = ^ = S, 6 = 0 all the 4 expressions above 


reduce to 


A 0 = tan (-§-) 


. .(3.46) 



CHAPT ER 4 


ANALYTICAL SOLUTION. OF A Q 

In this chapter, the dependence of A , the optimum 
real root of Eqn„ (3.15) on 9 and n will he discussed. The 
approximate relations (3.29) to (3.31) will he derived analy- 
tically. The errors involved in the approximations will also he 
calculated. 


Before proceeding with the analytical solution, it will 
he helpful to know the conditions under which the cubic equation 
has 3 real roots and the signs and magnitudes of these roots. 

4 • 1 Number of Beal Roots, Their Signs and Magnitudes : 

The cubic equation (3.15) is re nested below for conve- 
nience . 

A 5 - bA - a = 0 ... (4.1) 


whe re 


b 



cos 9 
n 



a 


sin 9 
n 


(4.2) 


It has been shown^’ 1 ^ that the cubic equation has a 
single real root for n > 1. The number of real roots of a 
cubic equation like (4.1) depends upon the & . Thesis defined 


as 


17 


A = 




(4.3) 
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There is a single 'real root for /\ > 0 and 3 real roots 

f° r ZA 4 0. Thus, inspection of Eqns. (4.3) end (4.2) shows 

that there is a single real root for n > 1. For n ^ 1 there 
may be a single real root or 3 real roots depending upon 8. 


Let the 3 roots of the cubic equation be denoted by A 


A an d A 


1 


3‘ 


A 1 A 2 A 3 


A 


1 + A 2 + A 3 


a 


= 0 


and 


A 1 A 2 + A 2 A 3 + A 3 A 1 " ~ lD 


Then , 

... (4.4) 

... (4.5) 

... (4-6) 

Suppose that all the rootv are real. Then Eqn.(4.5) 
shows that all the roots cannot have the same sign. There are two 
possibilities - one positive and two negative roots or one nega- 
tive and two positive roots. Then, Fqn. (4.4) shows that the 
first combination of signs is allowed when a > 0 and the second 
when a < 0. let the case of a > 0 be considered where A-j denotes 
the positive root and X 0 , A •, the negative roots. ITow Fqn. (4.6) 


may be modified as 


The ref ore , 


so that, 
Similarly, 


A^ ( Ag + A^) + a ^ A^ _ _b 

— -'X-j A 2 — b 

using Eqn. (4.5) 

A^ = b + A 2 

A 2 = b + A^ A 1 

= b + A 1 A 2 


(4.7) 


(4.8) 

(4.9) 

( 4 . 10 ) 


(4.11) 
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\ . \ 

oince A.j is positive and Ag> A negative, therefore 

\ \ 

^2 5 0:F ® ( l n * (4.9) is positive and A^A^ , A ^2 of Eqns. 
(4.10) and (4.11) are negative. Then inspection of Eqns. (4.10), 
and (4.11) shows that b must be positive and have sufficiently 
high value so that the r.b.s. of both the equations are positive 
and yield real values for A and Aw. In other words, suffi- 
ciently positive value of b makes /A of Eqn. (4.3) negative, giving 
3 real roots, A positive b implies that, 

A(j > b,°< < b X o<A^ < b 1 ... (4.12) 

These inequalities give, 

A 1 > + fb, -fb < A 2 <0 and -fb < A ? < 0 (4.13) 

Suppose a < 0. Then there is one negative root and two 
positive roots as shown earlier. If A,^ denotes the negative 
root and A 0 , A^ the positive roots, the inequalities (4.12) 
once again follow from Eqns. (4.9) to (4.11). In this case, 

A 1 < -fb, 0 < A 2 < fb and 0 < A^ < fb (4.14) 

Consider the case of a single real root, A^ , say, the 
other two roots being complex conjugate. Then Eqn. (4.4) 
shows that the only real root has the same sign as a, as the 
product of two complex conjugate numbers is a positive quantity. 
Also Eqn (4.9) gives A 2 > b so that, > + fb or A^ < - fb. 

provided b > 0. The first inequality holds for a > 0 and the 
second for a < 0. 



The above results may also be visualized graphically?^ 
le b the cubic equation (4.1) be rearranged as. 


A 


a 



(4-15) 


The roots of the cubic equation (4.1) therefore, corres- 
pond to the points cf intersection of the two curves 

y = A and y = f ( A ) = — ... (4.16) 

_ b 

The curves are shown in Pigs, (4.1). Pig. 4.1(a) shows that 
there is e single point of intersection i.e. a single positive 
real root A.. for b < 0. Pig 4.1(b) shows that there is still 
a single positive real root A^, such that A^ > + Ah. Pig. 4 . 1(c) 
shows that there is a single positive root and two negative 

roots A 2 and A^ when b is sufficiently positive. The roots are 
such that A 1 > + Vb an d 0* > A^, A > - Vb. Pigs. 4.2 are 
drawn for a < 0 and similar conclusions follow from these figures 
too . 


how, it is shown in Appendix A that, for a > 0, the single 
positive root gives the maximum, value for P of Pqn. (3.26). Simi- 
larly, for a < 0, the single negative root gives the maximum 
value for P. In the sections that follow, approximate expressions 
for the root of the cubic Eqn. (4.1) are derived. Since they 
yield positive values for a > 0 and negative values for a < 0, 
they represent the approximate expressions for the optimum root A 0 - 




(c) (c) 


FIG. 4-1 (a >o) NUMBER OF | FIG. 4-2 (a < o) NUMBER OF REAL 

REAL ROOTS FOR VARIOUS ROOTS FOR VARIOUS VALUES 

VALUES OF b SUCH THAT OF b SUCH THAT 

b 1<P < b 2< b 3 b-j < o < b 2 < b 3 



54 


4.2 approximate res glon For n 4 5 

Let the cubic Eqn. (4*1) be rewritten as, 


X + c A -a = 0 


whe re , 


-b 


1 + 


cos 


sin 9 


n ' n 

The cubic equation may be rearranged as. 


... (4.17) 


(4.18) 


\ 

A 


or as, 


a _ A_ 

c c 

a 




a 

c 


1 


A 3 


a y 


,2 


(4. 19) 

( 4 . 20 ) 


c + A 

These are iterative formulas for a root, real or complex 
of the cubic equation (4.17). Equation (4.19) may be rewritten as, 


A = -r ( 1 - A 


wh e re 


X. 


_ A 


a 


... ( 4 . 21 ) 

... ( 4 . 22 ) 


I f the value 


A= 


A 3 . 


c c 

hand side of Eqn (4.19) then, 


is substituted in the right 


A = 


a 

c 


1 / a 

c c 

( 1 - T + Xg) 


A 3 V 


... ( 4 . 23 ) 

... ( 4 . 24 ) 


where 


and 


aA 3 

r 


3 - 


a . 4 


a 


+ 


a 


n sin 0 


; 3 (n+cos 0) 3 


(4.25) 

(4.26) 
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If successive substitutions as in Eqn, (4.25) are made, the 
equations as shown below result. For convenience, Eqns.(4.21) and 
(4.24) are repeated. 


A = 

A = 

A = 
A = 

A = 


a 

c 

a 


a 

o 

a 


a 

c 


(1 - x.,) 

(1 - T + X 2 ) 


a 


(1 - T + ysr - x^) 


(1 - T + 5T 


1 2T' 


V 


(1 - T + 3^ - 12T 9 + 55T 4 - X 5 ) 


.(4.27) 


In Appendix B it is shown that if A represents a real root 
and if T «1 which occurs for high values of.n (as shown in 
Appendix C) then and are sufficiently small and may be neg- 
lected. Similarly it can be shown that X^, X^, X^ etc. are small 
for 1 << 1 and may be neglected. Then, the following approximate 
expressions result. As there is only one real root for n > 1, it 
is the same as the optimum root \ 


A„ - 


A 


A o * 


a 


a 


a 


(1 - T) 

(1 - T + 3I 2 ) 


a 

b 


~ (1 _ T + 3T 2 - 12T 5 ) 


a 

c 


where 


(1 - T + 3T 2 - ■ 12T 5 + 55T 4 ) 

• ? r, 

rp _ K sm 6 

A 1 *2j 

(n + cos 0 ; 


. (4.28) 
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Denoting the exact value of the optimum root by A , the 

J oe ’ 

error in the approximate value A Q is given by, 

£ = ^ 2 ^ oe x 100 °/ o . .. (4.29) 

^oe 


Noting that A oe is given by any of the expressions (4.27), 
the errors (in per unit) in the approximate expressions (4.28) are 
respectively, 


?; 'A 


r* 



X. 


1 - X, 


X, 


1 - x. 


*3 


1 - X, 


X, 


1 - X, 


x r 


1 - X, 


X.j — T 


X 2 a 31' 


- X, * 12T 3 

- X^ - 55T 4 


- X r 


on 


2731' 


a 


... (4.30) 


d 

e 


The above expressions are valid for small T which also 
implies small X. (Appendix B). The errors (4.30) show that (4.28) 
are a set of better and better approximations. For example, if 
T, a function of n and 0 is restricted to values < 0.05 by 
keeping n > 4.7 (Appendix C) then the errors (4.30) are < 5, 0.75, 
0.15, 0,035 and 0.0085 par cent respectively . If 1 < 0.1 correspond- 
ing to the range n > 3.48 then the errors are < 10, 3, 1.2, 0,55 
and 0.273 per cent respectively. This shows that with a higher 
value of 1 not only are the errors higher but they decrease less 
rapidly. For even higher values of T the approximations (4.28) 
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give larger and larger errors. Though this cannot he proved 
directly as it is difficult to estimate X^ , Xg, etc. for large 
values of T, an inspection of one of the expressions (4.28)d say 
will prove the point. 


A = — (1 - T + 3T 2 - 12T 5 ) 

■^o c w 

For T = 0.5? the magnitudes of the terms in the parenthesis 
are 1, 0.5, 0.75, 1.5 respectively. This is a diverging sequence. 
This suggests that |X^|, | X^ | > |X^| etc. is also a diverging 

sequence implying that the errors increase with the successive 
expressions (4.28). Computer calculations for n = 1.95 giving 
T = 0.5 indeed show that the errors as defined hy Eqn. (4.29) are 
27, -28, 45, -84 and 175% respectively. Thus it is clear that 
the expressions (4.28) are useful for small values of T i.e. 
large n. 


Now suppose an error of 5 % is to he allowed in an appro 
ximate expression for A Q . T*en the range of n over which expres- 
sion (4. 28) a is use^il may he determined. From Eqn. (4.50)a it is 
seen that T should he 4 0.05. Ttien Fig. C-1 in Appendix C shows 
that n must he >, 4.7. Conversely, if i >, 5, the error is< 4.4 % 
Thus the expression 


may he used for n > 5 with an error < 4.4 % . Comouter calculations 
show that the error is 4 4.1 %. If the approximate expre-raton 
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A, 


a 


(1 - T) 


sin 0 


n + cos 


1 - 


n sin" 


(n + cos 0) 


. (4.32) 


is used over the same range of n viz. n A 5? then the error is 
3T 2 x 100 which is < 0.58 % . Computer calculations show that 
the error in (4.32) is <0.51 %• Conversely,- the approximate ex- 

pression (4.32) may he used for n as low as 3-15 with an error 
< 5 %. But, for a convenient division of the range of values of 
n viz. n>5, 0.1<n<5 and n 4 0.1, the expressions (4.31) and 
(4.32) may he reserved for n A 5. 


4.3 Approximate Expression for A Q Eor n <4 0. 1 

The cubic equation (4.17) may he rearranged as, 


A = ±/ f^ 77 ... (4.33) 

This is another iterative formula for the root, real or 
complex, of the cubic equation (4.17). If a = is positive 

then the desired root A q is nositive as shown earlier. In the 
following discussion, a is restricted to positive values. Therefore 
the + sign must be chosen. Then 



(4.34) 

(4.35) 


r (1 + A) 1 / 2 * * • (4.36) 


whe re , 

R =, 

[ 1-n 




(4.37) 

V n 




and 


1 

sin 0 / 

1 + cos 0) 


(4.38) 

A = 

( 1 -nT i 

X ~ K 




If the value of X is substituted from Fqn. (4.36) into 
Eqn.. (4.38), then 


whe re 


Q 


1 

sin 9 

rum 

R(1+A) 1//2 

d+i) 1_ F - Q 

_ sin 8 

- iTn sin 0 

TT-n ) R 

- (l-nfl 5 

_ 1 + cos 

_0 


- ( 1 + cos 0 ) 


(4.39) 

(4.40) 


1-n 


(4.41) 


In Eqn, (4.27) A q was expressed in terms of a power series 
in 1 followed Toy the remainder Z which could he neglected. It was 
also shown that such an expansion in terms of T was useful for low 
values of I i.e. high values of n. Similarly, using repeated 
substitutions, A Q may he expressed as, 


A, 


■= R 


1 + 


(¥)- 


^3P ? - 4PQ + Q 2 

'8 


+ + W 


(4.42: 


where W is a. function of X . Such an expression is useful for small 
values of P and Q which are attained for small n . A number of 


'max 


Q. 


2n 


max 


■ t ~~ for n < 0.5. This is seen as follows. For n<1, 

cos - (2n-1) and 180° (or between 


8 can take values between 6^ ^ 

_ 6min and -180°) so as to ensure absolute stability. For n < 0.5, 
®min > 98°. Under thi^ condition, the magnitudes of 


~\fn si n 9 


(1-n) 


snd '3 = ~ -—-S E E — § decrease monotonically from 


at 9 = ©min to 0 at 8 = + 180°. 
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successive approximations' can be' deduced from: Eqn. ( 4 . 33 ) viz. 


A 0 = R 

A o = E L 1 + (v") 


b (4.43) 


Denoting the exact value of the optimum root bv A * which 

- oe * 

is given by ( 4 . 36 ), the errors in the expressions ( 4 . 43 ) are given 


E> . puw 


■(¥ 


- 1 

' p 0 

3P -4P Q+Q 
8 "' 


b . . (4.44) 


1 + A 


Let an error of 5 % be allowed as before in the approxi- 
mate expression for A 0 . The ranee of n over which the expression 
(4.43)a may be used can be determined. This is done in Appendix D 
in which it is shown that n must be ^ 0.16. For convenience, n 
may be restricted to values ^ 0.1, Then the error £ is < 2.95 %; 

A 

Computer calculations show that the error is ^ 2.8 °/ . If expres- 
sion ( 4 . 43 )b is used for n ^ 0 . 1 , then the error is < 0.366 °/ 0 . 
as shown in Appendix E. This too is verified by computer calcu- 
lations which show that the error is < 0.33 % * Thus the approxi- 
mate expressions 
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approximate value for A as A „ = f(A .). 'This is substi- 

o on 0 1 

tuted in f(A) again to give a third approximation X 0 ^=f(A 0 2) 
and so on. If the successive values X Q ^ , A o2 etc, converge 
t o a limit, that limit is a root of the cubic equation (4.17). 
If A q .| is chosen properly and the right iteration function is 
selected from among the 4 functions, then the root thus found 
will be the desired root A . for given a and c one iteration 
function may be more suitable than the other. With the wrong 
choice of iteration function, one may get the wrong root, real 
or complex, of the cubic equation. The 'asymptotic error 
constant' and 'oecder of convergence'"'^ as defined below will 
help in deciding the suitability of an iteration function. 


4 . 4 . 1 Choice of Iteration Function 

let the error 6. in the i"^ iterate be defined by 


e i = A oi - A oe 


... (4.51) 


where A is the exact value of the root. It is assumed that 
oe 

the successive iterates converge to A oe so 


lim 


A 


01 


= A 


oe 


and Lim G^ = 0 


(4.52) 


2 . -► oo 1 00 

If there exists a number p such that 


lim 

-* oo 


e i+1 

l e il p 


= c 


... (4.53) 


then the iteration function is said to have an order of con- 
vergence p at A oe and the limit C is called the asymptotic 
error constant (a.e.c.) When p = 1, the iteration function 



63 


is said to have a linear convergence, p and G depend upon 
the derivatives of f( \) at \ oe as shown "below 

If ( X oe } X 0 th en p = 1,C = | f ’ ( A oe ) | 

If f ( X oe^ = 0; f "< A oe ) X 0 tllen P = 2,C = -L | f\ \ Qe ) | 

If f, U oe ) =0 = f H (X oe ); ^ 

ft* , fJf 

f ( A oe ) X 0 then p = 3,C = -1- if (X oe )l 

Ll 

etc.... (4.54-) 


"When p = 1 , C must he < 1 in order that there he 
convergence. It can he shown that all the 4 functions (4.47) 
to (4.50) are linearly convergent and that the respective 


a.e.cs are 


_ 1 
_ CL 


2 A 


oe 


and 


1 3\ 


a 

2 

oe 


... (4.35) 


... (4.56) 


As A Qe is a function of n and 9, so also C^, C 2 , 
and C^_ are function of n and 9. It is shown in Appendix F that 


0 (- 


JLV 

2c 2 ; 


T 


... (4.5) 


2C, 


1 


C 3 (°3 1 


1 


. 1 f 1 , * 

1 vr + W i 1 


_ J_ 

T 


(4.58) 


rz 77 

1 _ c _ (n+cos 9) 


TT 


7 


n sin 9 


where 
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Fig- 4.3 shows curves of constant; - ^ in the n-9 plane. 
It is clear from the figure that in the range of n under consi- 
deration viz. 0.1 to 5, varies from - °° to + °°. A plot of 
an asymptotic constant C, against ^ will give an idea of the 
variation of 0 over the range of n. fig. 4.4 shows the varia- 
tions of the a. e.c.s with 4 . To get a complete picture of 
the variations, the range 1 to » (and -1 to -<») of ^ is com- 
pressed in a length of one unit. This is done by actually 
using the variable T instead of ^ on the x-axis as shown in 
the figure. A similar compression of range is done on the y- 
axis also. The figure shows that none of a. e.c.s remain below 

"I 

unity over the entire range of | from to +«>. This means 

that none of the iteration functions, taken individually, 

ensures converging iterates over the range 0.1 < n < 5. But 

Figs. 4.5 suggest that two iterations functions may be used 

together to ensure convergence. For example, Fig. 4.5(a) 

shows a scheme in which iteration function f ^ (X) is used 

for - «> < tJ < 0.25 and f^A) for 0.25 < ij < 00 . Thus con- 

vergence is guaranteed over the entire range of There are 

two more schemes as shown in Figs. 4.5(b) and (c) which ensure 

convergence for all . One disadvantage common to all the 

1 (n+ cos 9) 3 

3 schemes is that the expression o — ' — must be 

n sin 9 

evaluated in order to select the appropriate iteration 
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function, figure 4.6 shows a simpler scheme in which the 
' 1 . 

range of^- is divided about the point -w- = 0 i.e. n + cos 9 
= 0. The function fg(X) or f.( X) is used for n + cos 8 
< 0 and f^ (X) for n + cos 9 > 0. Thus it is enough to calcu- 
late the expression n + cos 9 in order to select the appro- 
priate iteration function. Admittedly, use of f^ ( X ) gives 
diverging iterates in the range 0 < ™ < 0.25. But this can 
be overcome by means of the following techniques. 

firstly, the value of the first approximation Xqi> is 
chosen as 

i . a 

*01 = ^ a* 59) 

This is the exact value of the optimum root for = 0 i.e. 
n + cos 0 = 0 as seen from Eqn. (4.17). As the exact value of 

-i 

the root in the range 0 < < 0. 25 is close to that given by 

above equation, the divergence is small for the first few 

p 19 

iterations. Secondly, 'Aitken's 6 process' is used for 
accelerating the convergence. This not only takes care of 
the divergence but also reduces the number of calculations in 

A 

the region away from -jjr = 0, where Xq^ as given by Eqn. 

(4.59) is not a good approximation. 

A 

fig. 4.7 shows another scheme with -gr = 0 as the 

A 

dividing point. Here, f^(A) is used for 


> 0. But this 



68 


scheme is not feasible as the divergence within the range 

■'J 

0 < ” < 1.67 is too rapid and the 5 2 process is of no 
help . 

Thus the scheme of Fig. 4.6 is the best. Though f 2 (A) 
and f^(X) seem equally suitable in this scheme, f 2 (A) is pre- 
ferable as it is more convenient to calculate a square root 
than a cube root. 

4.4.2 A itken’s 5 2 Process 

This process of accelerating the convergence can be 
understood with the help of Fig. 4.8 in which y = f ( ) 
is plotted for the case of c = 1 + APAJ- > q. Choosing 

a value Xq-j corresponds to selecting a point P^( A o1 , 

Aq-j) on Ihe line y = A . The substitution f( A 0 -j) = 

A o2 corresponds to locating the point Q 1 (A o1 , A q2 ). Simi- 
larly, f( A 0 2 ) = A 0 3 corresponds to locating the point Q 2 ( A 0 2 > 

Aq^)* -1 further substitution would give the point Q^. Instead, 

i i 

if one ’predicts' a point P^ one obtains the point which 

t t 

is closer to I than is. Thus the points Q^, Q 2 , Q 2 

t 

etc. converge faster. P^ is the point of intersection of the 
lines Q 2 and y = A . Prom the similar triangles Q 2 P 2 
and P^ B Q, 

P^ = 


( 4 . 60 ) 



Ql=(Ao1,Ao 2 ) F^= (A o'] » ^o"|) 

Q 2 = (^02^03) P 2 = r (A 02 > ^ o 2 ^ 

Q 3 = (^03*^04) ^3 = ( ^03*^03 ) 

Pj=( ^ A 0 ^ A G -| ) 



FIG ,4*8 SOLUTION OF THE ROOT BY ITERATION 
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A o3 ~ X o2 


X 


A o1 “ A 


oO 


There fore , 


o 1 A o2 


A o1 X o2 + 


Aoi - ^ 


... ( 4 . 6 1 ) 


'o 1 


( A 


ol 


- A 


o2 


)X( A 0 ^ - A n? ) 


o2 


( X o1 ~ A q2 ) + ( A o3 " A o2' ) 

... (4.62) 

Computer calculations show that the error (»s plotted in Fig. 4< 

... (4.63) 


& 


A 


X 


ol.:_Ae < 1-5 ° /o 


X 


oe 


over the entire range 0.1 < n < 5 if A 0 -| f( X) are chosen 

according to Eqns. (4.59) and Fig. 4.6 respectively. Hence, 

a 1 \ ... (4.64) 


A. 


1 0 A 0 1 

Sometimes it is not necessary to calculate all the 4 values 

viz. A 0l , X o2 , A o3 and h o1 - For example, suppose 

A ^ \ X < 5 % . How \ lies between these two values 
l Aoi o2 / u oe 

so that ( A q ^ X Qe )/ A oe < 5 % and ( A^'^-' A oe )/ A oe < 5 /o 
Then one may write 


A 0 “ Ad “ X 


o2 


... (4.65) 


for (A o 1 -A o2 )< 5 % 


1 

and it is not necessary to calculate A 0 ^ aad A 0 -j* Similarly 
one may avoid the calculation of A q -j ^d write 


A 0 ~ A o2 


Ao 5 ... (4.66) 

for (X o 2 -A o3 j< 5 % 
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The calculation of \ for the range 0. 1 < n < 5 is 


summarized below* 


sin 9 \ 3 


f( A 01 ) and X o3 = f( A o2 : 


whe re , 


sin 9 

'( X ) = f . ( X ) = — — 

1 1 + + X 2 

n 


for n > - cos 


f( a ) = f ( X) = 


/sin 9 
a/ n .X 


cos 0 n 


) for n < -cos 9‘ 


'o Aq2 


[ ^o1~ Aq5~ X 0 2^ 

^ ^ol" \>2' ) + ( ' ^o3 _ ^o2^ 


The error in \ as calculated above is plotted as a 


function of 9 in fig. 4.9. 






CHAPTER 5 


ERRORS IN. TERMINATIONS MB GAIN 


5, 1 Error in lerminati 


ion 


Equations ( 3 . 21 ) and ( 3 . 22 ) show that the real parts 


of the source and load terminations f 


o 


! S’ ' L 


are independent 


of A q so that the error in the real parts of terminations 
is nil. However, the imaginary parts, C'g, <3"-^ depend upon 
A 0 as per Eqn. (3.27). The error in the imaginary parts 
is invest igs.ted in Appendix L. 

It is shown that the modulus of the error in <3" , | £ 
is less than the modulus of error in A , j | , provided 


a~ 


/ 




\ \ / V Ti 

/ ‘‘0 

both > 2 . 


ti\ J -y 1*1 




/are hoth < 0 or are 


Eor junction transistors in their common emitter configu- 
ration and y-mstrix environment or in the common hase configu- 
ration and h-metrix environment, over the frequency range of 
potential instability, where design of mismatched stages may 
be necessary, arg (p^Po-p is usually between - 0 ° and -180° 
with <T , and on both positive. This makes A negative so 

11 f C— v , jib v O 

/ h /n^ cy -t A / -i ,' n i 

that (-A- /-— ) and (—a/— 5 — }are both negative. This 

V A „ •/ n ih Va. ' n P99' 


V Aq 


v n 


~ ; md vy 


<11 ' 


o 


n 


22 ' 


corresponds to case 1 of Appendix E. Since | A | < 1.5 % as 

A 

per sections 4.2 to 4.4, | C | is also < 1.5 %. Eor the 

<w <r 
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same device in the common-base configuration over the fre- 
quency range of potential instability, arg (P-j2^21^ is ^ e ^ ween 
0° and 180° for y-matrix environment. Here, \ Q is positive. 
For common- emitter configuration, arg over same 

frequency range is between -0° and -180° for h-matrix environ- 
ment. Here, ^ is negative. For both situations either 

or tJt is positive. Thus either, — r — / ™ -g— or 

i ’ 11 , 

— L_ / — i f s positive and corresponds to cane 2 or case 5 

Xo*/ n ?22 

of Appendix I. Ihere are possi bilit ies corresponding to case 

3 with — / or -~-J ~ positive and between 

Ao^ n '11 Ac> n '22 

0 and 2, so that | £ ( may he >| £^|. This is confirmed 

hy calculations on typical devices. It is now appropriate to 

consider how these errors in termination affect the error in 

power gain. 

5 , 2 Error in Maximum Power Gain Due to Approxim ate Root: 

The expression for maximum operating power gain is 
repeated below (Eqns. 3.25 and 3.26) 

P 


hnax n 


= 4 E 


■21 

5 12 


1 - 


n . 

l 

n 


(5.1) 


l 


) 


where. 


F = 


n 


Denom. 


n 


n(1- Ap) - cos 0 


2nA 0 -sin 0 


(5.2) 


for each of the 


The e rrors in F and hence in g mr n 
separate ranges of performance factor values, can now be 

considered. 
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5.2,1 G-ain' Error, When n X 5 


In this case, the first approximate root of Eqn. (4.31) 
is substituted, for X Q . It was shown in Section 4.2 that the 
error in this approximation is 4 0.041. Dae to the error in 
X 0 j the calculated value of F will also he in error. It is 
shown in Appendix G- that this error is < 0,028 0 / o . On substi- 
tuting for A , F becomes, 


n 


jn-n ,X 2 - cos 8! 2 + i2n A 

L 0 J L o 

n 


sin 


e J 


(5.3) 


n-cos 9 - 


n sin 9 


Q | T | 

(n+cos 9) c j I 


1 2 | 2n sin 8 

1 n+cos 8 


-i 2 


sin 8 


(5.4) 


It is shown in Appendix H that this expression can be 
simplified to 


n / n+cos 8 


n 2 -1 


X n-cos 8 


... (5.5) 


with an error of < 0.27 %. Thus the overall error in expres- 


sion 


(5.3) is ^ < 0.27 %. Actual computer calculations show 


that the error in expression (5.5) is ^ 0.15 °/ 0 . Thus the 
maximum gain is given by 


hnax n 


4n. 

+7 


/ n+cos 8 
\n-cos 8 


J 21 


12 


i -J 


in. 


"i 2 


n n 


(5.6) 


within 0.15 % ( “ 0.01 dB) 



76 


5-2.2 Gain Error, When n A 0.1 

The final approximate root of Eqn. (4-46) gives a power 
gain with an error modulus as indicated by Fig. 5-1, which 
is based on computer calculations. Computer calculations show 
that the error is < 0. 1 °/ 0 (< — 0.0045 IB). 

5.2.3 Gain Error, ''Wien 0.1 ^ n ^ 5 with n ^1.3 T""| 

The final approximate root of Eqn. (4.67) gives a power 
gain with sin error modulus as indicated by Fig. 5-1 which is 
based on computer calculations. Provided n ^ 1.3 |~| or 

1.3 ), the modulus of error is < 3 % (< — 0.13 dB) . 

5 . 3 Maximum Power Gain, ?/hen n < 1.3 TT 

When n is near J] or ^L±C£.s_0^ ? the maximum power 
gain of the two-port network is large and sensitive to termi- 
nation or \ . Even though error in or error in termina- 
tion is small, error in power gain can be very large, The 
calculated value of F can be written from Eqn. (G-3) of 
Appendix G as 


n 


F 


(Denom) 0 + 2n^ e £ 2 (n+3nA 2 e + cos 9 ) 

A 


(5.7) 


Here, (Denom) e is the exact value of the denominator of 
F and is the error in X . When n is very close to 


or 


1 +cos 6 
2 

A, 


, the root is given by 
_ N _ tan X ±X 

- rri tcJ1 A 2 ) 


... (5.8) 
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F of E qn.(5 
F of E q n .( 5 
F of Eqn.(5 

“17) See Eqn.( 5 -i) 

■ijf Ls«ctiion *5-2-3 
• 1 ) [section 5-2-2J 

* e 

2 








O O 
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Then, the error term in P becomes, 


2cos 2 (|) tan 2 (|) 


cos 2 (-|) + 3 cos 2 (-|) tan 2 (-|) 


Also , 


where 


4 sin 2 (|) £ 2 
1 A 


(Denom) - cos 2 (-|)e 2 


2^0^ ,1 C 2 

'"'A 


+2cos 2 (|)-1 


n = T1 (i + e ) 

Thus, for n very close to or 6 << 1, 


(5-9) 

(5.10) 

(5.11) 

(5.12) 


1 


n 


cos 2 (-|)£ 2 + 4 sin^(-|) £ 


... .2,e> 


x 


n 


n e" + 4d-ri)£., 


2 2 
X 


. (5.13) 


. (5. 14) 


In the range 0.1 < n < 5, the error c. tends to some 

X 

non-zero value as 8 ^ 0 so that the calculated value of P is 
finite though the actual value n — °° . The error in gain 

T 1 e 2 

therefore approaches 100 / 0 . The error is kept below 3 °/ 0 by 
restricting the use of A 0 of Eqn. ( 4 . 67 ) to calculate the gain, 
to C >0.3 orn A 1.3 ~fl . 


n ^o*1, however, the error ,£^in A 0 > 


In the range 

as per Eqn. ( 4 , 46 ), approaches zero as 0 - 0 , in such a way 
that (Appendix I) 


lt /bN x ij£) 

e-o\Tl e 2 /' 


is < 0.00137 


(5.15) 


for n 0. 1 
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Hence the error In E does not approach 100%o but about 0.137% 
as £ - 0. 


Hence it should seem necessary to evaluate an equally 
accurate root in the range 0.1 < n < 5? so that the gain error 
is small. 

5.3.1 X Q , When n ,< 1 . 3 XI 


'When n = 7~1 , the root is given by Bqn. ($.8). It is 

0 

now possible to expand A 0 around the value tan (75), corres- 
ponding to n = "fl » This Taylor's series expansion Is derived 
in Appendix J. Thus, 



with an error < 
the error is 4 0.71 


1 % - 
% . 


(3 — X 1 ) | tan (§) ... (5.16) 

Computer calculations show that. 


When only two terms are taken, A 0 — (1 - 2 ) tan (75) 

as for the case where 6 << 1 corresponding to the gain margin 

8 

discussed previously. 


5.3.2 Maximum Powe r Pain, When n 1.3 XI 

The maximum power gain can be obta.ined from Eqns.(5.1) 
and (5.2) after substituting for \ 0 from Eqn. ( 5 . 16 ). It is 
shown in Appendix K that, 

f-A' <-"> 

1.3 TT 


4 


D max n 




' 3-n p 

1 + -1 — e 


£21 

P i2 
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where 

n = “n (1 + 6) 

provided "j””| / 0 or 9 / 180°. It is estimated in the same 

Appendix that the error modulus in the above power gain is 
< 3 %. Computer calculations show that the error is <3 °/ 0 • 
(Fig. 5.1 \ 



CHAPTER 6 


SUMl ARY ME ILLUS TRATIVE EXAMPLE 


6.1 ..... 

In Chapter 4 approximate value of X Q can be calculated 
from Eqns. (4. 3 1 ) , (4.32), (4.45), (4.46) and (4.67) which 
are repeated below. While calculating from the following 
expressions e is taken to be positive. The actual value of 
A 0 is then given by Eqn. (3.28) viz. 


Case 2: 


where 


A 0 (-9) = -A (0) 


...(6.1) 


Case 1 : n } 5 


A, 


/N o 


sin 9 

n + cos 0 

sin 9 
n + cos 0 


within 4.1% ...(6.2) 


1 - 


.n sin^ 0 


(n + cos 6) 


0. 1 < n ^ 5 

£Vl_-fo2 )x(> 'o3 -\ z ) 


+ 


n 


Aol 

A o2 = f ^ X ol) 


Ao 3 - f A 0 2^ 


(> o1 " A o 2 )+ A o3 “A o2 ) 

sin 9_^3 


within 0 , 5 °/ 

...( 6 . 3 ) 


within 1.5% 


(6.4 
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and 


f(A) = fl (A) 


f( A) = 


f 2 ( A ) 


Case 5: n ^ 0.1 


sin 6 
n*’ 


for n+cos 9 > 0 


1 + 


cos 9 
n 


- + }\ 


/sin 9 


/-£- _ (i + £22-1) 

V \ n n > 

for n + cos < 0 


(6.4 


A 


A, 


jl -n 
a? n 


r 

\ 


1-n / 


A 

\ 

I 

L 


within 3% 


2(1-37 


sin G / , 

... - ( 1 +co s S ) 

f 1-n ~' 

2 n 

within 0. 33 A 


1 

) 

y 

; t 

3 


. .. (6.5) 


... (6.6) 


Once A q is known the terminations can he found 
(Eqn. 3.21, 3.22 and 3.27) 


as 


f = f 
1 S ' ' 




f = f f/ji 

'T. lOO < i v, 


'I - 1 22 UnV 


...(6.7) 


u c = A 


(P 11 + P s ) - "Ti 


...( 6 . 8 ) 


^o ^ ^22 + V ~ V? 


22 


Because of the error in \ the values of err, erf 

o S I 

will also he in error. This error is investigated in 
Appendix 1. 
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Next, the value of maximum operating power gain is cal- 
culated from expressions (5.1), (5.6) or (5.17). Thus 


Cas e 1 : n > 5 


hnax n 


n / n 4-cos Q 't 
n 2_ 1 \n-ccs e) 


p 2Jj 

P 12 



. . (6.9) 


within 0.15%(~ 0.007 dB) (6.9) 


C ase 2 : n < 5 "but > 1.3 n 


n 


D max n 


^(I-Xq)-cos 6j 2 + l2n\ o -si n 0 t 

within 3% (-0.13 dB) ...(6.10) 


i 2 


21 

12 



l 1 ' ’ n > 


Case 5 : n ^ 1.3 ”[ f 


3 max n 



fi + 2-^n e ] 


e 2 

4 

p 12 


( in . 1 ^ 
<1 ( 


where n = "j~j (1 + £) 

6 . 2 Illustrative Example : 


n j 


within 3% (-0.13 dB) 


.. ( 6 . 11 ) 


Consider a transistor type All 17 operating at 455 kHz 

in the common-emitter configuration for an emitter current of 

2mA, collector-base voltage of -6V and an ambient temperature 

of 298°K. With biasing, a typical set of measured admittance 
1 2 

parameters are 




and 


y 11 = 

(510 + 3410 ) 10” 

y 12 = 

-38 x 10" 6 D . _1 

y 2l = 

70 x 10“ 5 q" 1 

y 22 = 

(2.5 + 3 14) 10 -6 

y i2 y 21 

= 0.56 x 10“ 6 


n . = 

1 


W1 ?22 _ 0.51 x 2.5 x 10" 9 


0. 56x10' 


-6 


2.28 x 10 


-3 


T-J _ 1 + c os 6 _ 1 + COS (-90°) 

11 n ~- 


= 0.5 


Let us design a mismatched amplifier stage for n = 2. Using 
Eqns. (6.1) and (6.4) (f^(A) is used as n + cos 0 > 0 ) 

= - 0.42 


A 


o 


Prom Eqns. (6.7) and (6.8) the source and load termi- 
nations are obtained 


P S 

= 14.6 mOT 1 



<Tg 

= -6.76 mQ“^ 

i 

= 

b 

§ 

5 1 . 8 jji H or Ig = 5 1 . 5yU H 


= 71.5 itip." 1 



1 

= -44.4/.{a _1 

• T * _ 

. .h L - 

§ 

7.9mH or 1^=4. 89mH 


As n > 1.3 TT , Eqn. (6.10) is used to calculate the gain 


* Without my coil or stray capacitance. 

§ With a realistic value of 10 pP for the total (coil + stray) 
capacitance. 



The mismatched stage has "been designed with the 
reactances tuned to 455 kHz. These terminations are shown 
in Pig. 6.1, assuming a value of 10 pP for the total (coil 
stray) capacitance a at each port. 
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69 O lOpI 


lOpE 


x s v 


/ , N 
• * \ -V 


CE 


<' 14 kn 


51 MH L 


(a) 


4. 9- 'H 


69 Cc 


* • 41 \ 

"s r <: 


•t- t- 


'10 pE, 


0:4*5 mH 


'50k 0 


. r . 

1 

J... 


C. 1'E i .9 14 k: 

H >- 1 vlj 


: 1D P p -Ilk,: 


51 «H 


Ik. , 


5k 


4-k; 


- 9V. 

+ 


0.1 E 


(b) 


Eig. 6.1 (a) Terminations for a performance factor of 
2 in the common-emitter configuration and 
y-matrix environment. 

(b) Complete circuit diagram of the mismatched 

amplifier stage. Total capacitance (coil+stray) 
is shown by dotted lines. Device used is a 
transistor type AE117 at I e = 2mA,V c > l =-6Y 
at 298°K. 


* Measured admittance parameters of ’black box’ 
include the biasing resistances. 
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APPENDIX A 


Substitution of A^ , and A^,, the three real roots 

of cubic equation (4.1) in succession for A 0 of Eqn. (3.26) 
gives the three possible power gains. Of these, only one gives 
the maximum power gain. Call the denominator of E of Eqn. (3.26), 
when A Q is replaced by etc. Then 


a. 


n(l- A 2 ) - cos 6j 2 + 


2n X 


1 


sin 9 i 2 (A-1) 


= n 2 (l-2 X 2 + A.j) - 2n cos 0(1- A 2 ) + cos 2 © 

+4n 2 A 2 - 4n A^ sin 9 + sin 2 0 (A- 2 ) 

= n 2 x| + 2n 2 X 2 + 2n cos 0 A 2 - 4n sin 9 

+ 1-2n cos 0 + n 2 (A-3) 


n 2 A. 


+ n 


A? + (i + cos 9 


\ \ sin 0 | 

)h j 


(l+ ~~) A 2 - 3(- 
2 


n / 1 n 

2 wsin 9 


n ^ 'S 


_i 


+ 1 - 2n cos 9 + n' 
n 2 A 1 ( A] - b ^ - a)- n 2 (b A 2 + 3a. X,) 


+ 1 - 2n cos 9 + n 


As X_^ is a root of the cubic eqn. (4.1), 


A^-bA^-a — 0 


(A-4) 


(A-5) 


(A— 6 ) 


d 1 = -n 2 (b A 2 + 3a A 1 ) + 1-2n cos 9 + n 2 (A-7) 
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Similarly, 

d 2 = -n 2 (t) + 3a X 2 ) + 1-2n cos 6 + n 2 . . . (A-8) 

= -n 2 (h A^ + 3a A^) + l-2n cos 0 + n 2 . . • U-9) 

Hence , 

d 1 - d 2 = -n 2 ( A 1 - X 2 ) |l( A 1 + X 2 ) + 3a] ... (A-10) 

d 1 - d 3 = -n 2 ( A 1 - A ) j b( A 1 + X 3 ) + 3a] ... (A-11) 

It is shown in Section 4. 1 that h must he positive for the 

case of 3 real roots. If the case of a = > o is 

n 

considered, then it follows from Section 4.1, that, 


Ai - a 2 > 0 > A 1 +A2 ^ 0 
A 1 - A 3 > o , A 1 + A 3 > o 

so that, 

d^ - d 2 < 0, d^ - d^ < 0 


... (A-12) 

... (A-13) 


Thus d, is smaller than d 0 or d~. Hence A » the root 
1 2 3 o’ 

that gives optimum power gain, equals the only positive root 


s in 0 

If the case of a = — ~ — < 0 ip considered, then, 


A. - A 9 <o, A, + Ap < o 

1 . . . (A-14) 

A 1 - A^ < o, A^ 4- A - 3 < o 

where A^ is the negative root and X^, A^ the positive roots. 
Therefore, the inequalities (A-13) follow once again from Eqns. 
(A- 10) and (A-11). This shows that for the case of a < 0, A Q 
equals the only negative root A^, 
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The same conclusions follow graphically. Fig. A— 1 : (a) 
shows the Variation of F of eqn. (3.26) with X for the case 
of a > 0 and. a single positive real root , Fig. A- 1(h) 
shows the same for the case of a > 0 and three real roots. It 
is easily seen that the only positive root gives the 
maximum value for F. Similarly, Fig. A-2(h) shows that the 
only negative root gives the maximum value of F. 



APPENDIX B 


Consider Eqn. ( 4 . 20 ) 

Fl. 

A = - 


where 


Then, 


a = 


C + A 2 


sin 9 
n 


c = 1 + 


cos 6 

n 


A I .< 


a 

c 


... (B—1 ) 


.. (B-2 ) 


... (B-3) 


provided that c > 0 and A > 0 . The former inequality is 
true for n ^ 1 and the latter 'for real A . Then from Eqn. ( 4 . 22 ) 


h - 




a 


a 


< ~ = T 

o J 


... (B-4) 

using Eqn. ( 4 . 26 ) 

2 

The modulus sign is not used for T = as T is a positive 

or 

quantity for n ^ 1. Hence, 


) X 1 S « 1 for T « 1 
Again, consider Eqn. ( 4 . 25 ) 


... (B-5) 


Y - a A 

■^2 3 

cr 


3a 


A? 


3-iA! + A 

a a 2 ) 

A A 6 ^ 

1 ~ ~a~ + ~2 

3a , 


... (B-6) 
... (B-7) 


The second and third terms in the parenthesis 'have 

2 

magnitudes less than T and T /3 respectively and may he neg- 
lected for T << 1. 
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Then 

|X 2 | - ^-4^ OT 2 ... (B-8) 

Q? 

Hence , 


|l 2 | « 1 for T « 1 ... (B-9) 

Similarly it may he shown that 

|X 5 |«1 , | X 4 1 << 1 etc. for T « 1 ■ (B-10) 



.APPENDIX C 


Consider Eqn. (4.26) 
2 


T 


a 


n sin 0 


(n + cos 0) 


( 0 - 1 ) 


Eor a given n > 1, I is positive and has a maximum 
value found as "below, 


61 


0 gives, 


cos 0 = n - /n + 3 


(C-2) 


Therefore, 


2n 


T 


n^/n 2 +3 - n 2 -lj 


max n 


2n 




+3 


( 0 — 3 ) 


This is plotted as a function of n in Pig. C-t which 
shows that the function decreases monotonically as n increases, 




APPENDIX D 


Consider the Eqns. (4.56), ( 4 . 38 ) and (4.44)a which 
are repeated below: 


A, 


- ♦ 


A 


A 


C- 


1 


1 -n 

1 


A 


sin 9 

A. 


- 1 


( 1 + cos 9) { 


j 


(D-1) 
(D-2) 

. , (D-3) 

Vl+A 

| increases monotonically with A as shown in Fig. 

A 

D-1 . Also it will be shown below that the maximum value of A 

for a given n increases monotonically with n as shown in Fig. 

D- 3 . Thus if | £ | is to be ^ 0.05, then A must be 0.108 

A 

and hence n A 0.16. 


First it will be shown that A >,V— — 

0 ' ' n 


function F( A ) given by, 


F( A) 


,3 

A + c 


A - a 


Consider the 


(D-4) 


whe re , 


1 + 

n ? 


a 


sin 


n 


( D-5 ) 


The zeros of F( A) correspond to the roots of the cubic 
equation (4.17) F( A ) is plotted in Fig.B- 2 a for the case 
a > 0. In the figures, A 0 is shown to be the single positive 
root, the other two being complex or both negative. Now 




FIG. D-2 VARIATION OF F( A)OF Eqn.(D~4) WITH A FOR THE CASES 
OF A SINGLE REAL ROOT & 3 REAL ROOTS RESPECTIVELY 



FIG • D-3 VARIATION OF B max n OF Eqn.(D-IO)W!TH n 
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/1-fl \ ^ , cos 9 \ ,/l-n sin 0 


+ jl + 


(D-6) 


~ X V~“ (l+cos 0) - sin 


(D-7) 


which is 0 in the absolutely stable region corresponding* 
to n > ~[~j = - — — -9§ — -i , From the figures D-2, it is seen that 


(D-8) 


! can t>e ^ 0 only if Ji-2 4 \ Thus, 


>-0 > 


. * , A >. 0 


Then it follows from Eqns. (D-2) and (D-8) that 


0 4 & 4 


(T^n) 


sin 0 
jU n 


- ( 1 + cos 9) ! = B 


(D-9) 


The maximum of B for a given n occurs at cos 6 = "Vi -n i.e. 
sin 0 = Vn. Thus, 


0 A < B 


max n ' 1-n (r^- " 1 ) 


(D-10) 


B „ is plotted in Fig. D-3. From the figure it follows 

lllcUC XI 


that A ^ 0. 108 for n 4 0.16 


n > cos 2 { ) 


• / r 


Thus , 


. * . 1-n < 1 - cos 

i sin(-|) 2 

72 t so that > 


2 (—1— i or < sin 2 (— | 


V 2 ) 


i - r . 


9 /QV 6 - _ . /0 s 

sin V2^ , /S < 

" COs(|) V n C 0 S (|; 
2sin P^) cos 2 cc 


2 cos 2 (|) < 2sin cop (75 ] 


*. - sin 0 <V~"“ (1 + cos 0) < sin 




APPENDIX P 


The cubic equation (4.17) and equation (4.55), (4.56) 
for the asymptotic error constants (a. e.c.s) are repeated below: 


\ 4 * C A - cL — 0 


... (P-1) 


1 

*5 

- 2 A 0e 



_ 1 

3 A 2 

D A oe 


f 

C\J 

0 

1 

T~ 

) 

a j 

? 

°3 

" C 4 = 

C 

• « • 

( P-2) 

where, c = 1 + and 

y n 

a = 

sin e 
— n * 



As the optimum root 

^ oe 5 

is 

real and h 

as the same sign 

as a, Eqns. (P-2) 

may be written 

as 




0 _ _L - . 
°i ~ c 2 ~ 

2 X 3 
^ oe 

a 

O 

11 

1 

°4 

_ 3 4e 

l C 

• • * 

(P-3) 


Substituting ,\ oe P° r A in Pqn. (P-l) and rearranging, 


C 

Aoe 

£ 

£ , 
Aoe 

a 2 

a 

1 



= a 1 - 


X 3 > 
^ oe 


= VI 
V 


1 - 


/ % N 
L A oe 


a 


G iV 


(1 - 


2C, 


a 


'1 


1 

2Cr 


... (P-4) 

... (P-5) 

... (P-6) 


2 2 

Substituting A oe and rearranging Eqn. (P-l) once again, 


A oe < Aoe + c ) = a 


.. (P-7) 
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op 2 O 

Aoe ( A„ + c) = a 


'oe 


(P-8) 


1 

T 


,2 S 2 

5 A oe / Ape __c_ 

I cl ^|cl '■ Tel 


1 


) =a 2 ... 


c| 3 C 3 /0 3 


3 


T + 1TT 


(P-9) 

(P-10) 


Thus 


or 


+ 1 


V- 


- 1 


/C 


3 1 i 

\ 3 J 


\ 2 


for c > 0 


for c < 0 


(P-11) 


JL - 2_ - 

* " a 2 " 


- S /^3 
3 


T - 1 


+ 


3C 




+ 1 


(P-12) 



APPENDIX & 


let 


~ \e (1 + £x) 


x 


... (G-1) 


where X oe ts the exact value of the root. On substituting for 
X 0 , the denominator of P of Eqn. (5-2) becomes, 


Denom 


*0- x oe )- cos e 


2 r 

+ 


2nX oe - sin 


0 ] 


2 0 2 2 

+ 2nA oe X (ll+3llA "» + COS 9) 


'oe 


(G-2) 


2 2 2 

= ( Denom) e + 2nA Qe £ (n+3nA oe + cos 0) (G-3) 


(Denom) (1 + £ ) 


e ' ’ • ~"D 

where the subscript e denotes exact value. It can be shown 
that t/jj is below 0.03% for n ) 5 as follows 


(G-4) 




'0 

2 n Xq 6 (n + 3n ^no + 005 0 ) 


( Denom) 


(G-5) 


Consider the numerator. As \ h from Eqn. (B-3) 

^ 'OS Xi "r OO S U 

of Appendix B, the numerator is 


Num, < 2n 


or ■< 2n 


or ^ 2n 


sin 2 0 

"r 

(n+cos 8)^ 
' sin 2 6 -1 


(n+cos 9) 


sin 2 9 


A 

2 

X 


n+cos 9 + 


3n sin 9 


(n+cos 9) 


(G-6) 


1 + 


3n sin 2 0‘ 


L 


(n+cos 9)’ 


n+cos 9 


t\ (1+31) 


• * « ( &— 7) 


* * • ( &— 8 ) 


from Eqn. (4# 26) 
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(Hum. 


max n 


4 2 { 


? \ 

/ k sin 9 j 

\ n+cos e /'ms* n 


'X (1 + 31) 


max n 


(G-9) 


MJA-rP+nJ n 2 -1 ) g2 


./XT' 


max n 


). . . (G-1 0) 


4(n 2 - rn/n 2 -l) £ 2 (1 + 3T 


,) . . . ( G- 1 1 ) 


■V ' ' v -x ' ' ' " max ir 

The factor (n n -1) is positive and decreases monotonically. 

Its value is 0.505 for n >, 5- Also, 


T 


max n ^ °-°44 for n X 5 from Pig. C-1 in Appendix 0. Thus, 


(Hum. ) 


max 


or 


4 2.02 x 1.132 £ 2 

A 

n< 2.29 £ 


A 


... (3-12) 
... (G-13) 


Prom Pig. 3.3, it is seen that for a given n, P is 
maximum, that is, Denom. is a minimum when 0=0. As the optimum 
root is zero at 9 = 0 (for n >, i) as seen from the cubic equa- 
tion (4 1 ) , then, 


( Denom) min = (Denom.) 


0=0 
Aq-o 


= (n-1 y 


Therefore , 


(Denom. 1 . > 16 

v ran x 


for n > 5 


. . . ( G- 1 4 ) 

...(0-15) 

. . . (G-16) 


Prom Eqn. (G-5) and the inequalities (G-1 3) and (G-14), 

... (G-17) 


, e , . „„ . 2.29 £ 2 

( Cj ? max v ( DenomT T”’ ' x 'l6 A 

0 / 


or ^ 0.028 L 


o 


(G-18) 


as £ 4 0.044 for n X 5 

A 
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The denominator of P of Eon. (5.4-) is. 


( Denom) 


n-cos 9 


n sin 6 
(n+cos 8)' 


2 r 

i 

j 

L 


. i 2n sin 9 . A 

4- . — — gin u 

' n+cos 9 


(H-1) 


= (n-cos 0) 2 - ^L^LQ-Lgr£os..J.i 

(n+cos 9) 2 

+ a 2 sin 4 9 sin 2 9 (n-cos 9) 2 

(n+cos 9) 4 (n+cos 6) 2 


(H-2) 


_ | 4-cos 9 s ' 

\n+cos 9 

sin^6' (h - cos 9) 


(n-cos 9) (n+cos 9)- “^4v~§- + 


n+cos 8 


+ 


n+cos 9 


+ 


n c sm 


4 0 


_ /n-cos 0\ / „2 . . 2 
- — — — — s* v/ n-cos 
l n+cos 0 


A * * * 

(n+cos 9) 4 . 

- sin 2 e\+ n sin 9 


(H-3) 


/n-cos 8 X \ 
in+.cos Qj 


) (n -1) 


/ (n+cos 9) 4 

... (H-4) 

... (H-5) 


e 

as C 


2 . 4 

n sxn 9 


D 


n+cos 9 




\ 


This is seen as follows: 


(n+cos e) 4 \f- cos *} (n 2 -1) 


is << 1 for n > 5. 


max n 


n 2 sin 4 - e 


(n+cos 9) 2 (n 2 -cos 2 9) (n 2 -l) 
[n 2 sin 4 e] 


max n 


max n 

(n+cos 8) 2 (n 2 -cos 2 0) (n 2 -1 ) 
2 


(H-6) 


(H-7) 


i nan n 


or 


n 


(n-1) 2 (n 2 -1) 2 


... (H-8) 


The expression (H-8) decreases monotonically from =° 


(at n = 1) to 0 (at n = °°) and is therefore, <0.0027 for n > 5. 
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Thus < 0.27 °/ 0 for n ^ 5. As this error is small, the 

error in P given hjr 

r = R R f n+cos 9 N (H-g) 

P Denom. 2 , 1 n-cos 0 ) ’“ K 

n -1 v ' 


is 


C 


3D* 
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Let 


2/9 



.,.( 1 - 1 ) 


n = (1 + 6) p| = (1 + P) cos ^ g 
Substituting- for n In Bqn. (4.46) and. retaining only 


1st order terms, 


r 




1 


. = / i -p - pe 1 i ! sin 9 __ 

N no-*) \ 2(1 ~ n) ! 


— - (1 +cos 9) 


! 




— tan { 


eX 


V2 ) 


n 


. t ' ' 6 

" 2 ‘ i-Ti 2 


V V TlO+e) 


X 


) 2cos 2 (| 

J.M- ^ 2 ' 

\ 2 ( 1 - 


tan (% 1 

V 2 y 


i-S + -~n 


2 


p • o 2 

/ - \ 4 _ 


(i-n )‘ 


r 


tan (f)( - !) 0 + ~ 1 1=1 


e 

2 


.. ( 1 - 2 ) 


i + § + -£- |- i 

2 i-n 


(1-3) 


j 

...(1-4) 


... (1-5) 


X 


oe 


1 + 




2 


£ I 

2 I 


-.. ( 1 - 6 ) 


1 “l i ? J 

from Eqn.(J-IO) of Appendix J 


Therefore , 


£ 


An ~ ^ 


oe 


TT 


e 


■x 


A 


oe 
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and 


which 


£ 


1 - 1 J 4-EI 

T1 e 2 


TT 3 
Ci-TI ) 3 


— as 0 -» 0 . Hence, 

(1-n) 3 

p2 ^ 

It Hi -A = — S — < 0.00137 or 0.137 % 

-o T1 e (i-n) 3 


for n 4 0*1 
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The Taylor's series expansion for A around the value 


/ Q \ 

tan \~~ 2 ~) corresponding to n = J ~ 1 


cos 2 p|\ 


1 


1 d X 

^0: 

n=Tl(l+e) A ° 

+ — T--° 

t=lP 


is given by 

xTI e 


d 2 ; 




2 1 i— i 

dn |n = XI 


n=Tl 

rf £2 + (j-i) 


From Eqn. (5.8) , 

An 


n = T1 


= tan 


/_e\ 

v 2 ; 


. . . ( J-2 ) 


Now consider the cubic equation (4.1) which is slightly 
modified here; 

n X 3 + (n + cos 9) A - sin 0=0 . . . ( J-3) 


Three successive differentiations with respect to n 
yield respectively, 

(3n A 2 + n + cos 0) A + X ( 1 + a ) = 0 ... ( J— 4) 

(3n A 2 + n + cos 9) A + 2(1+3 A 2 + 3n A X ) A. = 0 (J-5) 

and (3n A 2 + n + cos. 9) >!" + 3(1+3 A 2 + 6n A X ) X' 

+ 6(3-A + nX) A 2 = 0 -•«( J— 6 ) 

From Eqn s. (J-2) and (J-4)» 


iio 

dn 


n =T1 


tan 



. ..(J-7) 
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Similarly, 

a 2 A 


dn 


2 


2~2 


x 




/ 8'\ r - i — In Q C 


n 


= n 


tan (gj (3-T1) 8 


. . . (J-8) 


a 9 A i 
0 


T1 e 


3*3 


X 


= tan (|) (n 2 +2T1-5) £ . . . (J-9) 


dn" 


! n 


T1 


Hence , 


A 


r^TK 1+6) 


- tan (|) 


i-le + ~e z 


TT 2+2 n- 5 , 

— _ 6 + . . . 

16 


+ 


.. . (J-10) 


If an approximation is made by ignoring and higher order 
terms. 


A 


tan f j 


i -i e + ® 2 


...(J-ll) 


Denoting the exact value as given by Eqn. (J-10) by A oe > 


error in A Q is given by 


^ o A oe 


A 


A 


oe 


(n 2 H-2Tl-5)e 3 

( -\ _i_7 

\ ‘ n 


. . . (J-1 2) 


16 


V ^ / 


As 0 V <H V < 1, £.^is negative. The right hand side of Eqn. 

( J-1 2) has a maximum magnitude at o = 71* Thus, 

i f> . 3 6 5 


C X I * -TIT 


i-| 

\ ^ 


<: 0.01 or 1 °/ c 


. . . (J-13) 


for 6 ^ 0.3 
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When 


n = T~l (’' + ^ ; ) or cos" [~ 2 j (l+£)» A 0 is given by 
Eqn. (5.8), Substituting for n and \ and using 0 in place 
°f -| , P of Eqn. (5.2) becomes, 


F 


cos ^ (|) ( 1 + 6 ) 
D 2 + D 2 


where . 


D, = (1+6) cos 2 <p - (1+6) sin 2 


1_£ + A=£°aJ e 2 


cos^ <j) + 3 cos 2 (]) - 8 £ 3 
8 


- 2 cos ^ ( J ) + 1 


p 

cos <J) 

e + 

2 1 
cos ( 

) sin 2 d) 

L j 



J 


c-2 


= ! cos 


£ 

8 

2 4>] £ [l + 6-sin 2 $ (l±£ 2 sh ) e 2 


p p p 

sin (j) cos (j) (1+cos (J)) 

- n 2 

4 


+ 


and 


D 2 = 2(1+6) cos 2 (j) tan <f) 

.4 


1-6 + 


3-cos 


2 


8 


cos 


+ 2cos — 5 p 3 ^ 
16 


~\ 


- 2 sin (f> cos (j) 


sin <f> cos $ 


6 


-I 1+COS $ £ ^ 1+COS 0 £.2 t 

1 _ - t + q— 6 +. 


(K-1) 

(K-2) 

. . . (K- 

(K-4) 

(K-5) 


. . (K-6) 



Thus, 
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D 1 + 4 


COS 


, 2 
t 


•i l±cos..J e 

1 - 2 t 


(l-cos 2 (}))(5-cos 2 0) 


6 2 4 


16 


Therefore 


-i i 1-cos d) 

F = 2 ( 1 +6 ) i 1 + 6. 


e £ 


i_ 


(1-cos 2 ft) (1+3 cos 2 ft) e 3 
16 


_ 1 j 1 + 5-cos 2 (D e + (1-cos 2 (D)(7-3cos 2 ft) £ 

e 2 L 2 16 


1 2 

If 6 and the higher order terms are ignored. 


P 


*2 


1 + £ 


Denoting the exact value as given by Eqn. (K-9) by F 


in P is given by 

P-P 


£p ■ 


F, 


e aj (1-cos ft)(7-3cos^ j)) 6 


-2 


16 ! 1 + iisosii e 

L 2 


!(1-cos 2 <f))(7-3cos 2 <!)) 6 £ 


J max 


16 


1+ ej 

2 


f 

S J . 

-J . rrn 


min 


or ^ 


76 ^ 

16TT^T 


Hence, 


r 7 

t- y 


3 / / 
^ ' o 


for 6 ^ 0.3 or n v < 1.3 T~] 


(K-7) 


+ , . . (K-8) 

2 +. ..J(K-9) 


. . . (K-10) 
the error 

. . . (K-1 1 ) 


... (K-12) 


. . . ( K- 1 3 ) 


0.03 or 


. . . (K-14) 
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let A„ be the calculated value and a the exact value 
0 oe 

of the required root. Then the error in A q is given by 


A o A oe 


. . .( 1 - 1 ) 


Let be the calculated value of the imaginary part of source 


termination, and 
given by, 


r g e the exact value. Then error in ^g is 


S - <r t _ 


[ Ap ~ A oe ' *1 
A 0 e “ °11 


..(1-2) 


from Eqns. (3.27) and (3.21 ). ■£. can be rearranged in terms 

e s 

_ _c» y~ 


J ii i 

?1 A 0f 


fVt /_^i _l 

^ n An< 


. . . (1-3) 


As \ 


\ (within 1.5%,) therefore, 


1 -i 




n Pi ^0 


...(1-4) 


Similarly, 


u ■ 


_i 1 22 

n ^22 A 0 


...(1-5) 
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Here, | % | < 1.5% . Three situations can be considered. 


Case 

_1 where 

0*11 

.< 0 and 

TzZ ,< 0 



A o 


^'0 


He re | , 

E<r! ^ 

1 £% so 

that | %% 

Case 

_2: where 

y n 

1 11 
O 

^ 2 and . 



Ml A 0 


n 


cT 




22 


>- 2 . 


He re age in 


Ej I so ^at I tj < 1*5% . 


Case 5 : whe re 0 < ( -\J 


In . 


1 1 1 Cll j < 2 and/or 0 <Uj- 




i 1 


cr 22 \ 


V n fii W 


\ T '~ P2 2 %) ) 


i < 2 


Here one or both j £ | > | £ | . Thus one or both 

"vP /\ 

| <b j > 1-5% and may approach <» as the quantities in brackets 
approach unity. 
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Let k - 1 + £ where £ << 1. low, the cubic equation 
for k = 1 he comes 


A 3 + 


1 + iLco_s__el ^ _ 


2 sin 9 


1+cos 0J 1+ cos 

and the root is A 0 = 'tan (~) . Then 

d A, 


= 0 (M-1) 


A, 


k=i+e 


A 


k=1 


+ e 


k=1 


(M-2) 


By differentiating Eqn. (M-1) it can he shown that 


th<L 

dk 

A 


k=1 


A tan $ 


i) 


k=i+e 


= tan 


49\ 
\ 2 ) 


1 - 


e 

2 


tan (A) 


Ajh 
YF 


(M-3) 

(M-4) 

(M-5) 


Similarly, hy considering the cubic equation involving 
it can he shown that 


A 


0 


- tan 


n 


=i+e 


2 , 

tao(~) 


i ^ 

2lTfcb s ej 


(M-6 ) 

(M-7) 


Ti+^ 


+cos 9 


Weln(D 

V fl + COS 0 


(M^8) 
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e 

provided that — — — — ~ << -j. This condition is not satisfied 

2(l+cos 9) 

for 9 very close to 180°. But expression (M-8) still holds 
as the value of \ at 9 = 180° is given by 

, _'f77X ,, m - U 

'° e =i80° p 1 V Vrfto-sre e=180 o 

(M-9) 

Thus expression (M-8) is a valid approximation for 
close to unity. Similarly it can be shown that for S — 1 and 


6—0 


and 


2Vs sin (•—) 

^~4 n S + ( 8-1)2 



(IS- 10) 


(M- 1 1 ) 





